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In three-dimensional noncentrosymmetric materials two-fold screw rotation symmetry forces elec-
tron’s energy bands to have Weyl points at which two bands touch. This is illustrated for space
groups No. 19 (P212121) and No. 198 (P213), which have three orthogonal screw rotation axes. In
the case of space groups No. 61 (Pbca) and No. 205 (Pa-3) that have extra inversion symmetry,
Weyl points are promoted to four-fold degenerate line nodes in glide-invariant planes. The three-
fold rotation symmetry present in the space groups No. 198 and No. 205 allows Weyl and Dirac
points, respectively, to appear along its rotation axes in the Brillouin zone and generates four-fold
and six-fold degeneracy at the Γ point and R point, respectively.
I. INTRODUCTION
Topological states of matter have attracted a lot of at-
tention since the discovery of topological insulators.1,2
A focus of very active recent studies is topologi-
cal semimetals3–5 that have gapless excitations in the
bulk with linear energy dispersion (Weyl or Dirac
fermions). For example, first-principles calculations6
and subsequent experiments have discovered Cd3As2 and
Na3Bi, Dirac semimetals with four-fold degenerate band-
touching points (Dirac points),7,8 and TaAs, a Weyl
semimetal with two-fold degenerate band-touching points
(Weyl points).9,10
It has been known that nonsymmorphic crystal sym-
metries, such as screw rotation and glide mirror, enforce
energy bands to stick together at some high symmetry
points when spin-orbit coupling is negligible. The band
degeneracies that are stable in the presence of spin-orbit
coupling has been discussed only recently.11–23 In this pa-
per we study the band structure of materials whose crys-
talline symmetry is governed by nonsymmorphic space
groups (SGs) 19, 61, 198, and 205, which have multi-
ple screw rotation symmetries. Our study is motivated
by recent experiments and first-principle calculations on
cubic chiral materials NiSbS and PdBiSe (SG198)24 and
CoSe2 (SG205),
25 which revealed complex Fermi surface
structures and band touchings that are characteristic of
nonsymmorphic crystals with strong spin-orbit coupling.
II. SPACE GROUPS NO. 19 AND NO. 198
We first discuss energy band structures of electron sys-
tems with strong spin-orbit coupling in crystals of SG19
and SG198. (A discussion on the band topology for
the SG19 in the absence of spin-orbit coupling can be
found in Ref.26.) Throughout this paper we assume that
electron systems are invariant under time-reversal trans-
formation Θ, which is an antiunitary operator satisfy-
ing Θ2 = −1. The SG19 and SG198 correspond to or-
thorhombic and cubic crystals, respectively. We set the
lattice constants to be unity so that both SGs can be
treated on equal footing.
The SG19 and SG198 have two-fold screw rotations
about the x, y, and z axes,
C˜2x : (x, y, z)→ (x + 12 ,−y + 12 ,−z), (1)
C˜2y : (x, y, z)→ (−x, y + 12 ,−z + 12 ), (2)
C˜2z : (x, y, z)→ (−x+ 12 ,−y, z + 12 ). (3)
In addition, the SG198 has three-fold rotation about the
(1,1,1) axis,
C3 : (x, y, z)→ (z, x, y), (4)
and its cousins generated by multiplying C3 and C˜2α.
In spin-orbit coupled systems, all these transformations
involve rotations in the spin space as well. For example,
the action of C˜2α in the spin space is represented by iσα,
where σα are Pauli matrices (α = x, y, z). The three
screw rotations are not independent, as they obey the
relation
C˜2yC˜2z = −T(−1,0,0)C˜2x = −e−ikxC˜2x, (5)
where T(nx,ny,nz) is a translation operator
T(nx,ny,nz) : (x, y, z)→ (x+ nx, y + ny, z + nz). (6)
The second equality in Eq. (5) holds when operators act
on Bloch states with wave number k = (kx, ky, kz), and
the minus signs in Eq. (5) are due to the Pauli spin alge-
bra (iσy)(iσz) = −iσx. Furthermore, Eqs. (1)–(3) imply
that the product C˜2xC˜2yC˜2z transforms the coordinate
(x, y, z) to itself. Taking operations in the spin space
into account, we obtain
C˜2xC˜2yC˜2z = iσxiσyiσz = 1. (7)
Next, comparing the following product operators,
C˜2xC˜2y : (x, y, z)→ (−x+ 12 ,−y, z − 12 ), (8)
C˜2yC˜2x : (x, y, z)→ (−x− 12 ,−y + 1, z + 12 ), (9)
we find that
C˜2xC˜2y = −T(1,−1,−1)C˜2yC˜2x
= −e−i(kx−ky+kz)C˜2yC˜2x, (10)
20
✟✟✟✟✟✟✟✟✙kx pi
✲
kz
pi
✻
kypi
Γ
X
U
Z
S
Y
T
R✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
t
t
tt
t
t
t
t
FIG. 1: 1/8 Brillouin zone for SG19, where 0 ≤ kα ≤ pi (α =
x, y, z). The red dots represent Weyl points. The blue dots
represent four-fold degenerate points or double Weyl points.
where the minus signs come from the anticommutation
relation between σx and σy. Similarly, we find
C˜2yC˜2z = −e−i(kx+ky−kz)C˜2zC˜2y , (11)
C˜2zC˜2x = −e−i(−kx+ky+kz)C˜2xC˜2z. (12)
A. Space group No. 19
Let us first discuss energy band structures for SG19.
The invariant space of C˜2x, a set of points in the Brillouin
zone that are invariant under the action of C˜2x, is four
lines parametrized as
Γ-X : (kx, 0, 0), Y-S : (kx, pi, 0),
Z-U : (kx, 0, pi), T-R : (kx, pi, pi),
where −pi ≤ kx ≤ pi; see Fig. 1. Bloch states with wave
number k in the invariant space are chosen to be eigen-
states of both Hamiltonian and C˜2x operators. The re-
lation (C˜2x)
2 = T(1,0,0)(iσx)
2 = −eikx implies that the
eigenvalues of C˜2x are±ieikx/2. The Bloch states |s, n,k〉
of nth energy band satisfy
C˜2x|±, n,k〉 = ±ieikx/2|±, n,k〉. (13)
The time-reversal operator Θ is an antiunitary oper-
ator and commutes with any operator of space group
transformations. Multiplying Θ on both sides of Eq. (13)
yields
C˜2xΘ|±, n,k〉 = ∓ie−ikx/2Θ|±, n,k〉. (14)
We see that the C˜2x eigenvalues of a Kramers pair,
|s, n,k〉 and Θ|s, n,k〉, are different (+i and−i) at kx = 0
and equal (+1 or −1) at kx = ±pi. This observation
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FIG. 2: Schematic band structures for SG19. The energy
bands with “+” (blue) have the C˜2x-eigenvalue +ie
ikx/2, and
those with “−” (red) have the C˜2x-eigenvalue −ie
ikx/2. (a)
Along the invariant line (kx, 0, 0). Weyl points exist at kx =
0,±kW . (b) Along the invariant line (kx, pi, pi). (c) Along the
invariant line (kx, pi, 0) and (kx, 0, pi). In (b) and (c) the upper
and lower bands are two-fold degenerate.
leads to the energy band structure shown schematically
in Fig. 2(a). Note that the bands with the C˜2x eigen-
value +ieikx/2 (blue) are smoothly connected at kx = pi
to the bands with C˜2x = −ieikx/2 (red) at kx = −pi,
and vice versa. The bands with different C˜2x eigenval-
ues can cross and form Weyl points at kx = ±kW and
at kx = 0. We note that the schematic band structure
shown in Fig. 2(a) is the simplest one with a minimal
number of band crossings/touchings. The band structure
of real materials can be more complicated with deformed
band dispersion (while keeping the symmetry) and have
more Weyl points that are generated by crossing energy
bands with different colors (C˜2x eigenvalues). The total
monopole charge of Weyl points is unchanged by such
3deformation of band structures. Such band structures as
shown in Fig. 2(a) should be realized along the invariant
line Γ-X, and also along the Γ-Y and Γ-Z lines; for the
latter two lines the role of C˜2x is played by C˜2y and C˜2z,
respectively. However, the band structure along the Y-S,
Z-U, and T-R lines are different from Fig. 2(a), as we
discuss below.
The combination of the time-reversal and screw rota-
tion transformations guarantees Kramers degeneracy on
the boundaries of the Brillouin zone, k = (±pi, ky , kz),
(kx,±pi, kz), or (kx, ky,±pi), where −pi ≤ kα ≤ pi. For
example, any k point on the kx = pi plane is invariant
under the product operation ΘC˜2x satisfying
(ΘC˜2x)
2 = Θ2(C˜2x)
2 = eikx = −1. (15)
The presence of the antiunitary operator ΘC˜2x squaring
to −1 implies that any energy level on the kx = pi plane
must be Kramers degenerate. Similar arguments hold
for the ky = pi plane and the kz = pi plane. Hence the
energy bands along Y-S, Z-U, and T-R lines must be at
least doubly degenerate. On the contrary, Bloch states
are generically non-degenerate on the Γ-X line, where
(ΘC˜2y)
2 = (ΘC˜2z)
2 = +1.
Using Eqs. (10) and (13), we obtain
C˜2xC˜2y |±, n,k〉 = ∓ie− i2kx+i(ky−kz)C˜2y|±, n,k〉, (16)
where k is on a C˜2x-invariant line. For k ∈ Γ-X line,
C˜2y|±, n,k〉 have the eigenvalues∓ie−ikx/2, in agreement
with the band structure of Fig. 2(a) (note that C˜2y flips
the sign of kx). Applying Θ to Eq. (16) yields
C˜2xΘC˜2y|±, n,k〉=±ie i2kx−i(ky−kz)ΘC˜2y|±, n,k〉, (17)
implying that a Kramers pair of states |s, n,k〉
and ΘC˜2y|s, n,k〉 have C˜2x-eigenvalues ise i2kx and
ise
i
2
kx−i(ky−kz), respectively (s = ±). This leads to the
band structures of Fig. 2(b) for the Bloch states on the T-
R line. By contrast, the energy bands along the Y-S and
Z-U lines should have the structure shown schematically
in Fig. 2(c). Both upper and lower bands are two-fold
degenerate in Figs. 2(b) and 2(c). The four-fold degener-
ate band crossing occurs at kx = 0 (T) in Fig. 2(b) and
at kx = ±pi (S, U) in Fig. 2(c).
Next we discuss how energy bands are connected at
high symmetry points X and R. Equations (10)–(11) im-
ply that
{C˜2x, C˜2y} = {C˜2y, C˜2z} = {C˜2z, C˜2x} = 0 (18)
at the time-reversal invariant momenta with kx + ky +
kz = 0 (mod 2pi), while
[C˜2x, C˜2y] = [C˜2y, C˜2z ] = [C˜2z, C˜2x] = 0 (19)
at the time-reversal invariant momenta with kx + ky +
kz = pi (mod 2pi). Thus, Bloch states at the X, Y, Z,
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FIG. 3: Band structures for SG19 (a) along the Γ-X, X-S,
and X-U lines and (b) along the R-S, R-T, and R-U lines. The
energy bands with blue (red) color have the C˜2α eigenvalue
+ieikα/2 (−ieikα/2), where α = x, y, or z.
and R points can be chosen to be simultaneous eigen-
states of C˜2x, C˜2y , and C˜2z, under the condition (7).
For example, doubly degenerate Bloch states at the X
point (pi, 0, 0) have the eigenvalues (C˜2x, C˜2y, C˜2z) =
(+1,±i,∓i) or (−1,±i,±i). The energy bands along the
Γ-X line (Fig. 2(a)) and those along the X-S, and X-U
lines (Fig. 2(c)) are connected at the X point as schemat-
ically shown in Fig. 3(a).
The two-fold degenerate energy bands along the R-
S, R-T, and R-U lines with the dispersion of the type
shown in Fig. 2(b) are connected at the R point (pi, pi, pi),
where the possible combinations of the eigenvalues are
(C˜2x, C˜2y , C˜2z) = (1,−1,−1), (−1, 1,−1), (−1,−1, 1),
and (1, 1, 1). Consistent connection of bands requires at
least 8 bands,16 as shown schematically in Fig. 3(b). We
note that a four-fold degenerate band crossing [at k = k4
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FIG. 4: Band dispersion around the R point for SG198 and
SG205. The energy bands with blue (red) color have the C˜2α
eigenvalue +ieikα/2 (−ieikα/2), where α = x, y, or z. The C3
symmetry about the R point is evident.
in Fig. 3(b)] always occurs on at least one of the R-S, R-T,
and R-U lines. When (8n + 4) bands are filled, a four-
fold degenerate band crossing point should be located at
the Fermi energy, provided that there are no electron and
hole pockets.
B. Space group No. 198
The SG198 has the C3 symmetry defined in Eq. (4) as
a generator in addition to those of the SG19. As a result
the X, Y, and Z points become equivalent and called X,
while the S, T, and U points are renamed M. Further-
more, the C3 symmetry gives rise to band crossings on
the Γ-R line.
The algebraic relations among C3 and C2α symmetries,
C3C˜2x = C˜2yC3, C3C˜2y = C˜2zC3, C3C˜2z = C˜2xC3,
require that the six bands that have the eigenval-
ues (C˜2x, C˜2y, C˜2z) = (1,−1,−1), (−1, 1,−1), (−1,−1, 1)
should be degenerate at the R point. Therefore, the en-
ergy levels at the R point are either six-fold or two-fold
degenerate.16,17 An example of the resulting band struc-
ture is shown in Fig. 4. The k · p Hamiltonian at the
six-fold degenerate R point is discussed in Ref.17.
At the Γ point the energy levels are either two-fold or
four-fold degenerate. This can be understood as follows.
The symmetry operators can be represented as C˜2α =
exp(ipiSα), C3 = exp[i(2pi/3)(Sx + Sy + Sz)/
√
3], and
Θ = exp(ipiSy)K, where K is complex conjugation, and
S = (Sx, Sy, Sz) is an SU(2) spin operator in the S =
1
2
and S = 32 irreducible representations for two-fold and
four-fold degenerate levels, respectively. The C3 rotation
symmetry is required in order for the four-dimensional
(S = 32 ) representation to be irreducible.
The low-energy k ·p Hamiltonian at the Γ point in the
four-dimensional representation (S = 32 ) is given by
HΓ = a(kxSx + kySy + kzSz) + b(kxS
3
x + kyS
3
y + kzS
3
z )
+c[kx{Sx, S2y − S2z}+ ky{Sy, S2z − S2x}
+kz{Sz, S2x − S2y}] (20)
with three real parameters a, b, and c. For a particular
set of the parameters (a = − 73v, b = 43v, c = 0), it takes
a simple form
H
(1)
Γ = iv(kxC˜2x + kyC˜2y + kzC˜2z)
≡ v(kxσxτx − kyσyτx + kzσz), (21)
where v is the velocity, and σα and τα are two sets of
Pauli matrices. In this case energy bands are doubly
degenerate (τx = ±1) and characterized by the Chern
number +1 or −1; this is a double Weyl point with the
monopole charge 2. For a different set of the parameters
(a = v, b = c = 0), the k · p Hamiltonian takes another
simple form
H
(2)
Γ = vk · S (22)
with S being the S = 32 spin operator. The properties of
this type of Hamiltonian are studied in Ref.17 (for space
groups other than SG198); the four bands that are not
degenerate away from the Γ point have the Chern num-
bers ±3, ±1, and the total monopole charge is four.17
Hence, somewhere between these two Hamiltonians in
the parameter space, there has to be a topological phase
transition where Chern numbers change. Such topolog-
ical phase transitions occur when 4a + 13b = 0 or when
16a2+40ab+9b2+64c2 = 0, i.e., when HΓ has two zero-
modes along the Γ-R or Γ-Z direction. The projection of
the four-fold degenerate Γ point on the surface Brillouin
zone emanates multiple Fermi arcs corresponding to the
total Chern number of filled bands.
Along the Γ-R line, the energy bands are classified in
terms of the C3 eigenvalues: −1, eipi/3, and e−ipi/3. At
the R point, sextuplets have the three distinct C3 eigen-
values twice each, while doublets have the C3 eigenvalues
(eipi/3, e−ipi/3) or (−1,−1). At the Γ point, the C3 eigen-
values of doublets are (eipi/3, e−ipi/3), and those of quar-
tets are (−1, eipi/3, e−ipi/3,−1). The crossing of bands
with different C3 eigenvalues gives rise to Weyl points
along the Γ-R line.
The crystal structure of NiSbS and PdBiSe has the
symmetry of SG198, and their band structures are
shown in Figs. 8(a) and (c) in Ref.24, which were ob-
tained by full-potential linearized augmented plane wave
(FLAPW) energy band calculations. The splitting of en-
ergy bands due to spin-orbit coupling is clearly seen in
both figures. These figures exhibit some characteristic
features of the band structure discussed above: the Weyl
5points on the Γ-X line, the two- and four-fold degenera-
cies at the Γ point, the two- and six-fold degeneracies at
the R point, and the Weyl points on the Γ-R line.
III. SPACE GROUPS NO. 61 AND NO. 205
The SG61 (Pbca) and SG205 (Pa-3) are obtained from
the SG19 and SG198, respectively, by including inversion
symmetry denoted by P . In the presence of both in-
version and time-reversal symmetries, Bloch states form
Kramers doublets at every k point in the Brillouin zone,
because PΘ preserves k and satisfies (PΘ)2 = −1.
A. Space group No. 61
The inversion operator P and the screw rotations C˜2α
(α = x, y, z) obey the commutation relations
C˜2xP = T(1,1,0)PC˜2x = e
−i(kx−ky)PC˜2x, (23)
and its cyclic permutations about (x, y, z). It follows
from Eq. (23) that
C˜2xP |±, n,k〉 = e−i(kx−ky)PC˜2x|±, n,k〉
= ±ie− i2kx+ikyP |±, n,k〉, (24)
where |±, n,k〉 are the Bloch states satisfying Eq. (13)
and k is on an invariant line of C˜2x. Applying Θ yields
C˜2xPΘ|±, n,k〉 = ∓ie i2kx−ikyPΘ|±, n,k〉, (25)
from which we deduce that the band structure of the
SG61 is changed from that of the SG19 as follows. The
band structure along the Γ-X line (kx, 0, 0) is changed
from the one shown in Fig. 2(a) into Fig. 2(c). On the
Y-S line (kx, pi, 0), a Kramers-degenerate pair |s, n,k〉
and PΘ|s, n,k〉 have the same C˜2x-eigenvalue iseikx/2
(s = ±), whereas |s, n,k〉 and ΘC˜2y|s, n,k〉 have differ-
ent C˜2x-eigenvalues. Thus, the band structure is changed
from Fig. 2(c) to Fig. 5(a), and the energy bands form
a four-fold degenerate Dirac line node. Repeating the
same consideration for invariant lines of C˜2y and C˜2z,
we conclude that all the energy bands along the X-U,
Y-S, and Z-T lines are four-fold degenerate nodal lines;
see Fig. 6. While the band structure on the T-R line
(kx, pi, pi) remains qualitatively the same as in Fig. 2(b),
the connection of bands at the R point is modified from
Fig. 3(b), as we discuss below.
Let us consider glide mirror transformation defined by
Gz = C˜2zP , which acts as
Gz : (x, y, z)→ (x + 12 , y,−z + 12 ) (26)
on the real-space coordinates and as iσz in the spin space.
On the kz = pi plane, which is invariant under Gz , Bloch
states are chosen as eigenstates of Gz such that
Gz |±, n,k〉g = ±ieikx/2|±, n,k〉g, (27)
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FIG. 5: Schematic band structures for SG61 and SG205
(a) along the invariant line (kx, pi, 0) and (b) along the in-
variant line (kx, 0, pi). In (a) the energy bands are four-fold
degenerate: two bands with the C˜2x-eigenvalue +ie
−ikx/2
and the other two bands with −ie−ikx/2. In (b) the energy
bands labeled by (s1, s2) have the eigenvalues (Gz, C˜2x) =
(s1, s2)ie
ikx/2, where s1,2 = ±. The red (blue) curves repre-
sent bands with s1 = + (−), while the solid (dashed) curves
represent bands with s2 = − (+), respectively.
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FIG. 6: Four-fold degenerate line nodes on the boundaries
of the Brillouin zone for SG61 (SG205). Here only one eighth
of the Brillouin zone (0 ≤ kα ≤ pi) is shown.
6where n is a band index and k = (kx, ky, pi). The inver-
sion P and the glide mirror Gz satisfy the algebra
GzP = T(1,0,1)PGz = e
−i(kx−kz)PGz (28)
when acting on Bloch states. It follows that
GzPΘ|±, n,k〉g = ±ieikx/2PΘ|±, n,k〉g (29)
at kz = pi. Thus, a pair of Kramers-degenerate states,
|s, n,k〉g and PΘ|s, n,k〉g, have the same Gz-eigenvalues
iseikx/2 (s = + or −) on the kz = pi plane.
The screw rotation C˜2y and the glide mirror Gz satisfy
the algebra
GzC˜2y = −T(1,0,0)C˜2yGz = −e−ikxC˜2yGz , (30)
where the minus signs are due to the anticommutation
relation {σz, σy} = 0. It then follows that
GzC˜2y|±, n,k〉g = ∓ie−ikx/2C˜2y |±, n,k〉g. (31)
The Gz-eigenvalue of the Bloch state C˜2y|s, n,k〉g is thus
different from that of |s, n,k〉g. This implies that two-
fold degenerate bands with Gz = +ie
ikx/2 and two-fold
degenerate bands with Gz = −ieikx/2 must cross along
the Z-T line (0, ky, pi). Hence the energy bands are four-
fold degenerate along the Z-T line in agreement with the
discussion above.
Similarly to Eq. (30), Gz and C˜2x satisfy the algebra
GzC˜2x = −T(0,0,1)C˜2xGz = −eikz C˜2xGz, (32)
and, in particular, they commute at kz = pi. This means
that Bloch states can be chosen to be eigenstates of both
Gz and C˜2x on the Z-U line;
(Gz , C˜2x)|s1, s2, n,k〉 = (s1, s2)ieikx/2|s2, s2, n,k〉, (33)
where s1,2 = ±, n is a band index, and k = (kx, 0, pi). We
find from Eqs. (25) and (29) that the PΘ transformation
changes the eigenvalues,
(Gz , C˜2x)
PΘ−→ (Gz ,−C˜2x). (34)
We also notice that
(Gz , C˜2x)
Θ−→ (−Gz,−C˜2x) (35)
at k = (0, 0, pi), and
(Gz , C˜2x)
Θ−→ (Gz , C˜2x) (36)
at k = (pi, 0, pi). These three relations lead us to con-
clude that the energy levels are four-fold degenerate at
k = (0, 0, pi) and (pi, 0, pi), but degenerate states exchange
their partners between these k points, as shown schemat-
ically in Fig. 5(b). It is important to note that there are
four-fold degenerate band crossing points at kx = ±kN
besides those at kx = 0,±pi.
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FIG. 7: Band dispersion along the R-S, R-T, and R-U lines
for SG61. The energy bands with blue (red) color have the
C˜2α eigenvalue +ie
ikα/2 (−ieikα/2), where α = x, y, or z.
As we can see from Fig. 5(b), the four-fold degener-
ate energy levels at the U point k = (pi, 0, pi) have the
same Gz eigenvalue (+1 or −1). On the other hand,
the four-fold degenerate energy levels on the Z-T line
(0, ky, pi) consist of two states with Gz = +i and two
states with Gz = −i. Since the kx-dependent eigenval-
ues Gz = ±ieikx/2 are well defined on the whole kz = pi
plane, any curve connecting a point on the Z-T line and
the U point must have a four-fold degenerate crossing
point on the curve, like the band crossing at kx = kN
on the Z-U line in Fig. 5(b). Such crossing points form
a four-fold degenerate nodal line on the kz = pi plane.
(A similar mechanism of forming line nodes was previ-
ously discussed in Refs.18,27.) The same argument can
be applied to the kx = pi plane and the ky = pi plane by
considering Gx and Gz eigenvalues, respectively. These
nodal lines should be connected at the common edges of
the three planes, i.e., at the R point (pi, pi, pi); see Fig. 6.
The energy band structure along the R-S, R-T, and R-
U lines are schematically shown in Fig. 7. Among the
eight bands drawn in Fig. 7, the middle four bands are
connected at the R point, while the higher/lower four
bands are connected at the S, T, and U points. We notice
that the inversion symmetry forces a four-fold degenerate
point to be fixed at the R point, while it can be on the
R-S, R-T, or R-U line for the SG19.
B. Space group No. 205
The SG205 has the additional C3 symmetry compared
with the SG61.
Along the C3-invariant Γ-R line, the energy bands are
classified in terms of the C3 eigenvalues. The Kramers
7Γ R
✻
E
4
2
2
4
2
4
4
2
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FIG. 8: Schematic band structure along the C3-invariant Γ-R
line for SG205. In this figure each band is two-fold degenerate
because of the PT symmetry. The red curves represent two
bands with C3 eigenvalues equal to exp(±ipi/3), and the blue
curves represent two bands with C3 = −1. The integer num-
bers next to the vertical axes show the degeneracy of energy
levels at the Γ and R points.
theorem from the TP symmetry implies that doubly de-
generate bands along the Γ-R line have a pair of C3-
eigenvalues (−1,−1) or (eipi/3, e−ipi/3). Energy bands
with different pairs of C3-eigenvalues can cross to form
four-fold degenerate Dirac points.6,28 As in the SG 198,
the energy levels at the Γ point are either doublets
with the C3-eigenvalues (e
ipi/3, e−ipi/3) or quartets with
(−1, eipi/3, e−ipi/3,−1), while those at the R point are ei-
ther doublets with C3 = (−1,−1), (eipi/3, e−ipi/3) or sex-
tuplets with C3 = (−1,−1, eipi/3, eipi/3, e−ipi/3, e−ipi/3).
Figure 8 shows an example of the energy band struc-
ture along the Γ-R line, which can be compared with
the energy bands of CoSe2.
25 In Fig. 8 curves represent
doubly degenerate energy bands with a pair of C3 eigen-
values (eipi/3, e−ipi/3) or (−1,−1), and each crossing of
two curves with different C3 eigenvalues realizes a Dirac
point. The lowest eight bands and the higher sixteen
bands form two independent groups of connected energy
bands in Fig. 8.
The band structure along the R-M line in the SG205 is
qualitatively the same as Fig. 4. Comparing it with Fig. 7
for the SG61, we see that the C3 symmetry promotes the
four-fold degeneracy to the six-fold degeneracy at the R
point.
Our argument for the four-fold degenerate line nodes in
the SG61 can be applied to the SG205 as well. Therefore,
the energy bands should be four-fold degenerate along
the X-M line (corresponding to the S-Y, T-Z, and U-X
lines of the SG61), and additional four-fold degenerate
line nodes connecting at the R point should appear as
shown in Fig. 6.
CoSe2 has crystal structure of the SG205, and its en-
ergy band structure computed with the FLAPW method
is shown in Fig. 7 of Ref.25. The computed energy band
structure has the characteristic features we discussed
above. The energy bands are four-fold degenerate along
one of the X-M line corresponding to the S-Y, T-Z, U-X
lines (note that there are two inequivalent X-M lines in
the chiral crystal structure of the SG205). On the other
X-M line, a four-fold degenerate band crossing point is
present near the M point, which should be a part of the
four-fold degenerate Dirac line node connecting the R
point. The four-fold degenerate bands are dispersive and
cross the Fermi energy. Unfortunately, the full shape of
the line node connecting the R point is not elucidated in
Ref.25 because the bands are computed only along high-
symmetry lines. Furthermore, quartets at the Γ point
and sextuplets at the R points are clearly observed, and
there are several Dirac points on the C3-symmetric Γ-R
line.
IV. SUMMARY
In this paper we have discussed various types of band
degeneracies caused by nonsymmorphic crystal symme-
tries such as screw rotation and glide mirror.
It was shown that a screw rotation symmetry necessar-
ily leads to the formation of Weyl points (Fig. 2(a)) and
the presence of multiple screw rotation symmetries with
orthogonal rotation axes generates double Weyl points on
the Brillouin zone boundary. These Weyl points produce
multiple surface Fermi arcs, which can in principle be ob-
served with angle-resolved photoemission spectroscopy.
The Weyl points also affect transport properties and give
rise to such anomalous effects as negative magnetoresis-
tance due to chiral anomaly.29
An additional inversion symmetry promotes (double)
Weyl points to four-fold degenerate line nodes, which will
give rise to “drumhead” surface states.30 Furthermore,
dispersive line nodes can yield Fermi surfaces touching
at points on the line nodes.
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